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Scattering on the lateral one-dimensional superlattice with spin-orbit coupling
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The problem of scattering of the two-dimensional electron gas on the lateral one-dimensional
superlattice both having different strengths of Rashba spin-orbit coupling is investigated. The
scattering is considered for all the electron states on a given Fermi level. The distribution of spin
density components along the superlattice is studied for the transmitted states where the formation
of standing waves is observed. It is found that the shape of spin density distribution is robust
against the variations of the Rashba coupling constants and the Fermi level in the electron gas.
PACS numbers: 72.25.Dc, 72.25.Mk, 73.21.Cd
I. INTRODUCTION
In two-dimensional semiconductor heterostructures
the spin-orbit (SO) interaction is usually dominated by
the Rashba coupling1 coming from the structure in-
version asymmetry of confining potential and effective
mass difference. The interest to these structures is re-
lated to the possible effects in charge and spin transport
which produce novel ideas on the spin control in semi-
conductor structures and give rise to the applications of
spintronics.2 The idea to control the spin orientation in
the beam of particles by means of SO coupling has been
proposed in terms of spin optics.3,4 In particular, the
scattering on the border of two half-spaces each having
a different value of SO coupling constants was studied.3
It was shown that the spin orientation in transmitted
wave strongly depends on the chirality of the incident
one as well as on the angle of incidence and the angles
of total reflection exist. Later the same authors applied
their results for the case of spin polarizing in a system
consisted of ballistic and diffusive regions.4 One of the
possible ways to control the band and the spin structure
is to apply the gated structures with externally tuned pe-
riodic electric potential. In our recent paper we studied
quantum states and the electron spin distribution in a
system combining the spin-splitting phenomena caused
by the SO interaction and the external periodic electric
potential.5 In the present paper me make an extensive
use of these results for investigation of the problem of
scattering for 2DEG with Rashba SO coupling on the SO
superlattice. We solve the scattering problem on the SO
superlattice occupying a half-space and study the trans-
mitted states as a function of the Fermi energy of the
incoming states. For the transmitted states the space
distribution of spin density components is calculated for
different values of Rashba coupling on both sides of the
interface, for various amplitudes of the Fermi level posi-
tion in the 2DEG.
The paper is organized as follows. In Sec.II we formu-
late the scattering problem and describe the incoming,
reflected, and transmitted states. We also briefly discuss
the structure of the eigenstates of the SO superlattice. In
Sec.III the space distribution of spin density in the trans-
FIG. 1: Geometry of scattering of 2DEG with Rashba SO
interaction on the spin-orbit lateral superlattice. The in-
coming ψi and reflected ψr spinors are the eigenstates of
Rashba Hamiltonian with spin-orbit coupling constant α1 and
wavevectors belonging to the same Fermi contour. The trans-
mitted states ψt are the Bloch spinors corresponding to an-
other spin-orbit coupling constant α2.
mitted state is calculated, and different cases of Rashba
coupling on both sides of the interface are discussed. The
concluding remarks are given in Sec.IV.
II. THE SCATTERING PROBLEM
We consider the scattering of electrons with spin-orbit
coupling constant α1 on the one-dimensional superlattice
occupying a half-space x > 0 and also having a spin-
orbit Rashba term with another value of Rashba cou-
pling constant α2. The incoming and reflected spinors
are the eigenstates of Rashba Hamiltonian and belong
to the same Fermi energy of the 2D electron gas. The
transmitted states are the Bloch spinors with each of the
components possessing the Bloch theorem. In addition
to the energy, the ky component of the momentum is
conserved since the system is homogeneous in the y di-
rection, as it is shown schematically in Fig.1.
The half-space x < 0 is the semiconductor structure
with 2DEG characterized by the effective mass m and
Rashba spin orbit coupling strength α1. The quantum
2states here are the eigenstates of the Rashba Hamilto-
nian Hˆ0 = pˆ
2/2m + α1(σˆxpˆy − σˆy pˆx) where h¯ = 1.
The eigenstates of this Hamiltonian are two-component
spinors ψi = ψkλ = e
ikr
(
1, eiθ
)
/
√
2 where λ = ±1 and
θ = arg[ky − ikx]. The energy of the state is E0(k, λ) =
k2
2m
+ λα1k. It should be stressed that this wavefunction
does not exhibit any spin texture Si = ψ
†σˆiψ, i.e. it de-
termines a uniform space distribution of all spin density
components Sx = λ cos θ0, Sy = λ sin θ0, and Sz ≡ 0.
The idea of the system setup in Fig.1 is to convert this
uniform distribution into a non-trivial spin texture by
using a superlattice.
The incoming state is scattered on the border of the
SO superlattice occupying the area at x > 0. In the left
part of the space x < 0 there is the reflected state which
is the linear combination of all eigenstates of Rashba
Hamiltonian with the same energy as the incoming state
and with kx < 0. The wavevector modules are equal to
k1,2 =
√
2mE + (mα)2 ± mα1, and the kx component
for each k1,2 at fixed ky is given by the usual relation
k1,2x =
√
k21,2 − k2y. Thus, the reflected state at x < 0
has the following form:
x < 0 : ψr = r1
e−ik1x+ikyy√
2
(
1
−eiθ1
)
+
+r2
e−ik2x+ikyy√
2
(
1
eiθ2
)
. (1)
Here the phases are defined by the momentum compo-
nents as θ1,2 = arg[ky − ik1,2x] and r1,2 are the reflection
coefficients which will be found below.
On the right-hand side in Fig.1 at x > 0 the trans-
mitted electrons travel trough the SO superlattice. The
transmitted state is the linear combination of the eigen-
states of the SO superlattice with the energy and ky equal
to those of the incoming state:
x > 0 : ψt =
∑
j
cjψ(kj , ky) (2)
where the coefficients cj can be found from the boundary
conditions. The wavefunctions ψ(kj , ky) are the Bloch
eigenstates of the Hamiltonian in the SO superlattice
having the form5
ψsk =
∑
λn
asλn(k)
eiknr√
2
(
1
λeiθn
)
, λ = ±1 (3)
where kx is the quasimomentum in the 1D Brillouin
zone −pi/a ≤ kx ≤ pi/a, s is the band number, and
θn = arg[ky − iknx]. The coefficients asλn are found by
diagonalization of the superlattice Hamiltonian in the
basis of Rashba spinors. The 1D superlattice poten-
tial in our problem can be chosen in the simplest form
V (x) = V0 cos(2pix/a) where a is the superlattice period
and V0 is the potential strength.
The scattering on the interface at x = 0 is described by
the boundary conditions. For the problem considered in
the paper these conditions have the form of the continu-
ity equations which follow from the Schro¨dinger equation
and can be written as
ψ |x=0−= ψ |x=0+, (4)
vˆxψ |x=0−= vˆxψ |x=0+ (5)
where the velocity operator
vˆx =
∂Hˆ
∂kx
=
pˆx
m
− ασˆy . (6)
The equations (5) link the wavefunction ψi + ψr at the
left half-space x < 0 and the wavefunction ψt at the right
half-space x > 0. Since both of the equations in (5) are
written for two-component spinors, one has a system of
four algebraic inhomogeneous equations describing the
scattering which can be easily solved.
The quantum numbers which remain to be good during
the scattering on 1D superlattice are the ky component
of the momentum and the energy of the incoming state.
Here one has to distinguish the case when the energy of
the incoming state at fixed ky is within the limits of one of
the superlattice bands and when this energy corresponds
to a gap in the superlattice spectrum. The first case cor-
responds to the solution of system (5). For the second
case the solution to the Schro¨dinger equation is not finite
on the whole x axis and thus there are no states which
propagate from the scattering interface through the su-
perlattice. We call such case as a case of total reflection in
analogy with optical scattering. It should be mentioned
that such effect was already observed for the scattering of
the Rashba states on the interface between two areas with
different SO constant.3 The states which do not propa-
gate through the superlattice and are localized at the
interface border are known as Tamm states. Such states
were studied previously both in bulk crystals7,8 and later
in the superlattices.9,10,11 In the latter case it was shown
that typically the Tamm states decay inside the superlat-
tice on the length of several periods with different results
varying from two - three9 to five - seven11 lattice pe-
riods. In our case these results mean that the typical
penetration length of Tamm states will be of the order
of 100 - 700 nm which is substantially smaller than the
total length of superlattices actually used in the present
experiments. Hence, there will be no detection of such
states with the possible device mounted after the super-
lattice. Thus, we neglect the Tamm states localized at
the interface and consider only the Bloch states with the
energy belonging to the bands of the superlattice which
were discussed above.
3III. SPIN TEXTURE OF THE TRANSMITTED
STATE
When the transmitted state (2) is fully determined, one
can calculate the space distribution of the spin density
ψ†σˆiψ for the transmitted state which depends on the
wavevector and polarization of the incident state. In a
real experimental setup of 2DEG structure the electrons
occupy not a single state with a given wavevector and
polarization but all of the states on the Fermi level, as
it is shown schematically in Fig.1. The electrons with
kx > 0 travel to the scattering interface and take part in
the scattering process. Thus, it is reasonable to calculate
the spin density for all the electrons with a chosen Fermi
energy and kx > 0 giving us the spin density distribution
which can be actually probed by a detector,
Si(x, y) =
∫
kFx>0
ψ†t σˆiψtdk. (7)
Since the system is homogeneous in the y direction, one
may consider only the x -dependence of (7) which may
show some non-trivial spin texture along the superlattice.
As it was mentioned above, the incident state of 2DEG
with Rashba spin-orbit coupling has a space-independent
spin density distribution. Below we shall see that a non-
uniform spin density distribution which can be actually
probed by a detector may be created by scattering on the
SO superlattice.
First, let us consider a case when the Rashba cou-
pling constant α1 in the 2DEG on the left is substantially
smaller than the parameter α2 in the superlattice. This
situation corresponds, for example, to the GaAs-based
structure attached to the InAs-based SO superlattice.
The results for the spin density distribution along the
superlattice for α1 = 0.1α2 are shown in Fig.2 for the am-
plitude of the periodic potential V0 = 5 meV and for the
values of the Fermi energy EF = 10 meV and EF = 30
meV of the incident state. The upper plot on each fig-
ure shows the (Sx, Sz) projections of the spin density (7)
while the lower one demonstrates the space dependence
of (Sx, Sy) components. The space distance on the plot is
measured in units of superlattice period a = 60 nm and
starts at n ≫ 1 which means that the spin detector is
located far away from the superlattice border. The spin
texture in Fig.2 has several remarkable features. First of
all, it has a non-zero component Sz which is absent in
spin density of the uniform 2DEG with Rashba SO cou-
pling. As for the spin expectation values σi =
∫
Sidx for
our problem, one has in general σx = σz = 0 and σy 6= 0
which follows from the symmetry considerations of the
system (see Fig.1). Indeed, the system is symmetrical
with respect to y sign reversal which means for Rashba
SO coupling that σx = 0. The Rashba SO interaction
also can not create the z polarization of 2DEG and thus
σz = 0, as in the initial state. It should be noted that
a similar feature was observed previously for the eigen-
states in the SO superlattices at given quantum numbers
FIG. 2: Spin texture along the superlattice for the Rashba
constant α2 = 3 · 10
−11 eVm inside and α1 = 0.1α2 outside
the superlattice. The periodic potential amplitude V0 = 5
meV and the Fermi energy is (a) EF = 10 meV and (b)
EF = 30 meV.
(kx, ky) in the Brillouin zone.
5 The only symmetry break-
ing caused by the scattering interface cancels the x sign
reversal symmetry, making only the states with kx > 0
to be actually scattered. Thus, one can see in Fig.2 and
below in Fig.3 that one sign of Sy(x) dominates, leading
in those cases to a nonzero expectation value σy. The
other reason is that the contributions to the spin expec-
tation value σy from two parts of Fermi contours of the
Rashba bands with λ = ±1 (see Fig.1) do not compen-
sate each other due to the distance 2mα1 between the
Fermi radii. Another interesting feature of the spin den-
sity distribution in Fig.2 is that it does not repeat itself
on the distance of one superlattice period. The expla-
nation is that the transmitted state (2) consists of the
Bloch spinors with different kx components of the quasi-
momentum providing the different partial wavelengths.
As one can see from Fig.2, the approximate space period
for the spin density is about several superlattice periods
and, as our calculations have shown, does not depend on
particular starting point x = na if the condition n≫ 1 is
satisfied. The latter means that the spin density detec-
tor is located far away from the scattering border, as it
is supposed to be in real experiments. This circumstance
allows to neglect the influence of the second right-hand
border of the superlattice while solving the scattering
problem.
Now we turn our attention to the opposite case α2 =
4FIG. 3: Spin texture along the superlattice for the Rashba
constant α1 = 3 · 10
−11 eVm outside and α2 = 0.1α2 inside
the superlattice. The periodic potential amplitude V0 = 5
meV and the Fermi energy is (a) EF = 10 meV and (b)
EF = 30 meV.
0.1α1 which can be realized experimentally, for exam-
ple, by the GaAs-based SO superlattice attached to the
InAs-based 2DEG. The results for the spin density distri-
butions are presented in Fig.3. Again one can see the sim-
ilarity between all the spin density textures in Fig.3 and
Fig.2. The integral spin density distribution (7) main-
tains qualitatively the same form for different values of
system parameters since it is sensible only to the global
characteristics of the energy spectrum of the superlattice
which remain unchanged under variation of the Fermi
level position and Rashba coupling strength. We have
also observed that the results presented above are qual-
itatively the same for different values of the superlattice
potential. Such robust spin density shape indicates that
the effects discussed in the paper should survive under
various perturbations which were left out of the scope in
the present work such as defects and finite temperature.
This conclusion can be justified further if we mention that
the energy scale of the problem studied above belongs to
the interval of 10 . . . 30 meV, which means that the ef-
fects discussed in the paper should be clearly observable
at helium, and possibly also at nitrogen temperatures.
IV. CONCLUSIONS
We have studied the scattering of two-dimensional elec-
tron gas on the one-dimensional superlattice where the
spin-orbit coupling was taken into account for both sys-
tems. The space distribution of spin density components
was calculated for different values of Rashba coupling on
both sides of the interface and for various Fermi level
position. The observed shape of spin density standing
waves is found to be insensitive to particular values of
the electron Fermi energy and Rashba coupling strength
indicating that the effects discussed in the paper should
survive under various perturbations such as defects and
finite temperature. The scale of energy involved in the
processes discussed in the paper makes the results to be
promising for experimental observation.
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